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A NONCONFORMING MIXED MULTIGRID METHOD
FOR THE PURE TRACTION PROBLEM
IN PLANAR LINEAR ELASTICITY

SUSANNE C. BRENNER

ABSTRACT. A robust optimal-order multigrid method for the pure traction prob-
lem in two-dimensional linear elasticity is studied. The finite element discretiza-
tion is a variant of a mixed method proposed by Falk where the displacement is
approximated by nonconforming piecewise linear functions and the “pressure”
is approximated by piecewise constant functions on a coarser grid. Full multi-
grid convergence is obtained. The performance of this multigrid algorithm does
not deteriorate as the material becomes nearly incompressible.

1. INTRODUCTION

Let Q be a bounded convex polygonal domain in R?. The pure traction
boundary value problem for planar linear elasticity is given by

—dhiy{2ug(g) + Atr (g(g)) 2} =f inQ,

(1.1)
(2yg(g) + Atr (g(g)) g)g =g ondQ,

where u is the displacement, f is the body force, g is the boundary trac-

tion, 4 > 0, 4> 0 are the Lamé constants, and v is the unit outer normal.
Throughout this paper, an undertilde is used to denote vector-valued functions,
operators and their associated spaces. Double undertildes are used for matrix-
valued functions and operators. We define

7= (6ru/8xl+6nz/6xz)

_ (9p/3x
gradp = (6p/axz) > WE=oru/ox +0ta/ox
dp[dx,
curlp = ap/axl) J

div v = 0v,/0x; + 0v,/0x3, rot v = —9v,/0x; +0v2/9xy,
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and dv,/0 0v,/d
_ V1/0X1 V1/0X,
gréd Q - (3’02/3)61 6vz/ax2) :
We also define
5 = 1 0 _ (0 -1
~ 0 1 > g - 1 0 5
and
tr(z)=2:4,
where
2 2
gL =22 o
i=1 j=1
Finally,

€(2) = ylgrad p +(grad y )]
We assume that the Lamé constants (u, 1) belong to the range [u;, us] x
[A1, o0), where u;, u,, A; are three fixed positive constants.
We shall denote by H k(Q) the standard L2 Sobolev spaces of vector-valued
functions, and we use the following conventions for Sobolev norms and semi-
norms:

12
(1.2) el = ( / Y lowypdx)"” and
Q |aj<m
(1.3) vl = ( / ¥ |8“v|2dx)1/2.
~I2E Q Ial:m ~

Let RM = {v : v! = (a+bxy,c—bx;),a,b,c € R} be the space of
infinitesimal rigid motions. Since € (v) = 0 forall vy € RM, one should

look for a unique solution of (1.1) in a subspace of H k(Q) which is transversal
to RM . The unique solvability and regularity theorems are usually stated on
the space

(1.4) ng(Q)={1~Jte"(Q):/gdx:Q,/rotgdx=0}.
Q Q

However, for the design and analysis of a multigrid method, it is better to use
the space

(1.5) Ij’i(Q):{gegk(Q):/g-zgdx=0 vweky}.
Q

We also use the notation Li for H (i . We assume that the origin of our
coordinate system is chosen to be the centroid of €, so that RM has the
following orthonormal basis:

1 1 1 0 __1__ —X2
(1.6) %1.—|Q|1/2(0)’ Z{Z'—lQll/Z(])’ %3_w(xl),

where @ =/ [(x? + x})dx.
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Let the operators 7 and T{ be defined by

AMoy)= v — 2
(L.7) TMv)=v Q] (/Qrotgdx) 1/3
and
(1.8) T,{(v):v—(/v-wdx)w.
~ T~ Q~ ~3 ~3
Then clearly for £k > 1,
(1.9) T : HX (@ — B and T+: B°Q) — H(Q),

TA(T{y)=y VyeH'(Q) and
TNTry) =y Vye B (Q),

~ ~

(1.10)

(L.11) (w)=¢(Ti(w) vueHL@,

am

and

(1.12) div(g)=div(Ti\(g)) vy e HE Q.

There exist positive constants C; and C, such that (k> 1)

(113)  GITI(2N gy SN2l grg < CUTH gray Y € HE(Q).

By Friedrichs’ inequality (cf. [9, Theorem 1.1.5]), (1.13) also holds for |-| “Q)
(1<¢<k)norms:

(119)  GITH ) g S 12l gue < GITHR) g@ Yo € HY(Q).

. .y
Using these operators, one can translate results for the H " (Q)-space to the

H ’i(Q)-space and vice versa.

Since the boundary of a polygon has corners, the boundary conditions in
(1.1) must be carefully interpreted. We shall denote by S;, 1 < i < n, the
vertices of Q; by I';, 1 < i < n, the open line segments joining S; to S, ;
by T the posmvely oriented unit tangent along I';; and by v . the unit outer
normal along I';. Henceforth, S,,; and I',,; should be 1nterpreted as S; and
I';, respectively.

Let p € H/*(T;) and q € H'/?(T';;;). We say that p = q at S;,; if
fg lg(s) — p(=s)|? % < 0o, where s is the oriented arc length measured from
Si+1,and J is a positive number less than min{|I;|: 1 <i < n}.

Equation (1.1) can be written more precisely as

—div{2pue(u) +Atr(e(w) 9} =/ inQ,
(1.15)

(2uew) +Aatr(ew) ) v Ir, = g, 1<i<n,
where f € L*Q),and g € HYX(T,) satisfy
~ ~ g N
(1.16) g v.. =g v atSyforl<i<n.
Ri ~i+l ~ij+l v
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If we assume that the following compatibility condition holds,
n
(1.17) /f~gdx+Z/g_-gh—ids=0 Vv € RM,
Q~ iz /0 7

then the pure traction boundary value problem (1.15) has a unique solution
A ry 2 . .-
7 € H (Q). Moreover, there exists a positive constant Cq such that

n
(L.18) 121l o) +Aldiv &llg@) < Ca {llﬂiy(m + gl Q./z(l—,.)}
i=1

(cf. [3, 7, 8)).
By using (1.10) and (1.11), we see that (1.15) also has a unique solution
u, € H*(Q) and

(1.19) =T u

1)

L
Therefore, (1.12), (1.13), and (1.18) imply that there exists a positive constant
C4, such that

n
(1.20) ”%J_” H(Q) + 4||div y,l”Hl(Q) <Cq {” flly(n) + Z” gi“gm(n)}-

i=1

From now on, we will simply denote u L by u.

Henceforth, (1.16) and (1.17) are assumed to be true. Let y = A4/(2u) and
p = ydiv u ; then a mixed formulation for (1.15) is:

Find (4 ,p) € H (Q) x L*(Q) such that
/g(g):g(g)dx+/p(divz~))dx
Q¥ ® Q
1 n
1.21 = — / vdx + / vl ds| ,
2 | [ onax 3 [ g,

/(divg)qu—lqudx=0
Q Y Ja

forall (v,q) € H'(Q)xL¥Q).
Equation (1.21) can be written concisely as

(122) 2 ((¢,p), (v, 9) =ﬁ VQ,,:.MHZ/FI gi-glrids]

forall (v ,q) € H'(Q)x L*(Q), where the symmetric bilinear form (-, -)
on H'(Q)x L*(Q) is defined by

g((gl > ql) H (229 qZ))

. . 1
=/‘;{g(21) €(,) +qi(divy,) + (divy ) g2 - ;qlqz}dx.
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It is clear from the definition of % that
]Q v, q), (@, q2))| < max (\/_ ﬂz) (lgligl(n) +lla IILZ(Q))

(1.23)
. (IEZ|}~I'(Q) + ”q2||L2(Q)) .

Let J; (k > 0) be a sequence of triangulations of Q, where ., is ob-
tained by connecting the midpoints of each of the triangles in .7, . We will
denote max{diam7T: T € J;} by h;. For k> 0,let Oy = {q: g € L*(Q) and
q|T is a constant for all 7 € J;}. The nonconforming finite element spaces
v, (k > 1) are defined as follows:

(1.24) V,= ={v:ve L (€2), v|r is linear for all T € 9, v is continuous
' at the midpoints of interelement boundaries }.

Since V X is nonconforming, any differentiation of members of V , must be
done piecewise. We define the operators divy , rot, , and grad, as follows:

(ive)| = v (uir)
i
(gridkg) 'T = grzad (E|T) ,

for all T € ;. We also denote by K;{L the subspaces of V X whose members
satisfy

(1.25) /g-wdx=0 Vw € RM.
Q

The following discretization of (1.22) is a modification of one introduced by
Falk in [6].
Find (u,,Pk) €

~

(1.26) % ((,’!,k,Pk)’(E,Q)) =§1; [/Qz-gdx+§/n §i°2|r,~ds]

for all (v,q) € Z,j x Q_1. Here the symmetric bilinear form % on
(H'(Q+ ) x LX(Q) is defined by

k x Qx_1 (k > 1) such that

gk ((1}_,1 s ql)’ (1},29 qZ))
(1.27) 1
- [{aw):gw)+a@vg) + @) e - taa} dx,

where

(1.28) €:(n)= grad; v
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and P, (k > 0)is the L? orthogonal projection onto Q. Note that there
exists a positive constant C such that

'ﬁ’k ((2l ), (Y, qz))l
(1.29)

<€ (llg, e + lanllzz@) (el + gzl

where the nonconforming energy norm | - ||y on H _IL(Q) + Kt is defined by

(1.30) 12 llk == [l grad, v || L@

Henceforth, C (with or without subscripts) denotes a generic positive constant
independent of the Lamé constants and the mesh parameter k.

We shall show in §2 that (1.26) is uniquely solvable and derive the following
discretization error estimate:

It — 2,z + e (1% = 2l + 12 = Pill 2@ )
n
< Ch; {"Z"y(m + Z ||§i||gl/2(r,~)} .
i=1
In this paper we will develop an optimal-order multigrid method for solving

(1.26). Let n; be the dimension of Z;{L x Q1. Our full multigrid algorithm
will yield an approximate solution (% p pg) t0(1.26) in &(ny) steps such that

(1.31)

I, — 2z + i (g, = 5l + 12 = 7l 2y

n
< Chi {Ilﬂlym) +> ”5,-”11"2(“)} :
i=1

Since the constant C in (1.32) does not depend on the Lamé constants, the
performance of our multigrid method will not deteriorate as the material be-
comes nearly incompressible. As documented in [11], for nearly incompressible
linear elasticity problems, the standard multigrid method using conforming bi-
linear finite elements requires an extremely large number of smoothing steps in
order to achieve convergence. Our algorithm converges with a small number of
smoothing steps, independent of the Poisson ratio.

The rest of this paper is organized as follows. We establish the discretization
error estimate (1.31) in §2. Since the finite element space V X is nonconform-
ing, appropriate intergrid transfer operators must be chosen. This is done in §3,
where the mesh-dependent norms are also defined. The estimates for the inter-
grid transfer operators established in this section are crucial to the convergence
analysis of the multigrid method. In §4 we define the multigrid algorithm. The
convergence results are stated in §5. The details of the proofs are found in the
supplement to this paper. Results of some numerical experiments are reported
in §6.

(1.32)

2. THE MIXED METHOD

The first ingredient in establishing directly the unique solvability of (1.22) is
the following well-known Korn’s second inequality (cf. [10]):
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There exists a positive constant C such that
A1
(2.1) ||g(E)||y(Q)ZC|E|gl(Q) Vy e H (Q).

Using (1.11) and (1.14), we deduce that there exists a positive constant C
such that
(2.2) e (2l L2 2 Clulyia Yy € H Q.
The second ingredient is the following property of the divergence operator.

Lemma 2.1. Given any q € L*(Q), there exists v € H ll such that

(2.3) divy=g¢q
and
(2.4) I2ll(@) < Callgllirz)-

Proof. Let D be an open disc that contains Q. Extend g to be zero on D\Q.
Let { € H*(Q) be the solution of

(2.5) Al=q inD, {=0 ondD.
Then from elliptic regularity (cf. [9, Theorem 4.2.1]) we have
(2.6) ISl a2y < Ca llgll2(py-
Let (cf. (1.6))

3
27 v=endllo- Y ([ emdl-y dx)

i=1

It is clear that v € H IL(Q) . The lemma now follows from (2.5) and (2.6). O

Proposition 2.2. There exists a positive constant C, which depends only on Q,
such that for any (y , q) € Ijl x L2(Q),

|‘@((21 ’ ql) > (,'Q,Z ’ q2))|
sup
(2.8) (z, 4! xLAQ\{(0,0)} 1, g1 (@) + 1921l 2@
Cc (|Ql|1~1'(a) + ||41||L2(Q)) .
Proof. Given (y , q1) € H' xLX(Q), let

lﬁ' Y dq), (~2,42))|

~

5= sup
(1,.a)€ H' xL@\{(Q.0)} 19,1 5 1@) + 921l 2@

First we consider the case where ¢, = y div v,- By Korn’s second inequality,
# (@ a0, 0,2 0) = [ {ew) e+ @ive)?} dx

. 2
> [ elw):ew)dx > Clyfya
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Therefore,

(2.9) s2Cly, lgya);

By Lemma 2.1, there exists v € H ll such that

(2.10) divy =g and [2ll e < C llaillza
Using the definition of s, (2.9), and (2.10), we have

172y < ‘ﬁ((gl 1), (v, 0))| + ’/Qg(gl) 1e(®) dx‘
< slulga) + 12, 1@ 18lave) < Cslldill g
Therefore,

(2.11) ll91llz2) < Cs.

Combining (2.9) and (2.11), we obtain (2.8) in the special case where ¢, =
ydiv v .

We now turn to the general case. Given (v P Q)€ H 1 x L?(Q), by Lemma
2.1 there exists w € H ll such that

. 1 . .
(2.12) divw = ;(h —divy  and |w| H@ < C“%QI —divy

i)

Then ydiv (v T w ) = q1 . From the special case, we know that

|2 (0, +w, 0, @, @)
sup ,
(2.13) (1, a)EH! x LAQ\{(©,0)} 19,1510 + 1921l L2

>C (|P,1 + W) + ||(11||L2(Q)) .
Therefore, by (2.13), the bilinearity of % and (1.23), we have

2.14) 1y lgya) + g1l < [|E1 + W) + ||41||L2(Q)] + Wl
<s+Cluwlgq)-

On the other hand, by the definition of .# ,

1 2 s 0. di 1
" =F((v,,q), |0, vy, -

—-q1 — div El
(2.15) Ly

1 .
<s ;ql —dlvg1

L2(Q)
Combining (2.12) and (2.15), we see that
(2.16) | w |l H@ <Cs.

The proposition now follows from (2.14) and (2.16). O

The following corollary is a consequence of Proposition 2.2 and Friedrichs’
inequality.
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Corollary 2.3. Given any bounded linear functional F on H _lL x L*(Q), there
is a unique (Y, q1) € Ijll x L2(Q) such that

(217) @ ((z,, 4, (2, @) =F ((z,, @) (v, @) H| xLXQ).
In particular, equation (1.22) is uniquely solvable.

Similarly, there are two ingredients in establishing the unique solvability of
the discretized equation (1.26), namely a discrete Korn’s second inequality and
an analog of Lemma 2.1.

We begin with the discrete Korn’s second inequality. Let E ={v € V

an

Jovdx = 0 and [yroty vy dx = 0}. Analogous to (1.7) and (1.8), deﬁne

~

TV : Vi — V, ad T3: 7, — ¥V, by

~

ANo)= v — -2
(2.18) TMv)=1v 30 (/Qrotkg dx) v,
and
(2.19) T,{(v):v—(/v-y/ dx)y/.
~ ~ ™~ ~3 ~3

Since ¢ (¥

(2.20) e"(y)=¢ (Tl(v)) VuerL.

By the discrete Friedrichs’ inequality (cf. [14]) for V D there exist positive
constants C; and C, such that
(2.21) Tl < N2l < CITN )k Y2 € Vi

The proof of the following discrete Korn’s second inequality can be found in
[6].
Lemma 2.4. There exists a positive constant C such that
les (@2 Clizle Yy ek,

With the aid of the operator 7 we can translate Lemma 2.4 into a result
on V.
Corollary 2.5. There exists a positive constant C such that
ler (@l Lz 2 Cligle Yy ey
Proof. Let v € Z;{L . Then, using (2.20), Lemma 2.4, and (2.21), we get

T (W L2 =1, (TL e L@y 2 CITL e 2 Cllw k- O

There is an interpolation operator Il : (Q) — V defined by (cf. [5])

(2.22) [1(8)] (me) == m / ¢ ds

at the midpoints m, of the edge ¢ in 9.
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A simple homogeneity argument shows that

(2.23) Mgl <Clelyia Yo € H'(Q.
It follows from a simple calculation (cf. [5]) that

(2.24) divy [nk f] =P(dive) Vo e H'(Q),
and

(2.25) roty [nk ] =Pt ¢) V¢ e H'(Q.

The following interpolation error estimate also holds (cf. [5]): .
(2.26) 11¢ ~Th $ll oy +hell ¢ — T @1l < CHE|§| oy ¥ & € HYQ).
Let IT be defined by

3
1 — _ . !
(227)  TE($)=TL(¢) §i=1:(/ﬂnk(’(é) %idx)!//_ voeH!..

~1

It follows that I} maps H j_ into ¥ t . Moreover, we still have

(2.28) I ¢k <Clélyay VoeH.,
(2.29) div, [n,f qs] =P(divg) Voe H',
and

(2.30) 1§ — T @Il ooy + il 6 — T @Ik < CHE| @ g2y ¥ ¢ € H2(Q).
Also, a standard interpolation error estimate (cf. [4, Theorem 3.1.6]) shows
that
(2.31) ¥ — Pe_1¥llrz @) < Chi |W )y Yw e H(Q).

The following lemma is the discrete analog of Lemma 2.1.

Lemma 2.6. There exists a positive constant C such that, given any q € Qy,
there exists v € K;{L which satisfies

(2.32) diviv =¢

and

(2.33) 21k < Cligll9)-

Proof. From Lemma 2.1, there exists w € H ll such that

(2.34) divw =¢q

and

(2.35) lwll g1 < Cligliz)-

Let v =II; w . Then by (2.29) and (2.34) we have
divyy =g¢,

and by (2.28) and (2.35),
Izl < Cligliag). O

With Corollafy 2.5 and Lemma 2.6 in place, the following discrete version
of Proposition 2.2 follows verbatim.
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Proposition 2.7. There exists a positive constant C such that for any (v o q) €
K;(L X Qk—1,

|$k ((21 s ql) s (22 s qZ)) |
sup
(2.36) @, e x0-\(0.0}  1Y,llk +ll2ll 2o
> C(lly, llx + a1l 2@)-

Corollary 2.8. Given any linear functional F on V ;{L x Qk_1, there exists a
unique (U, q1) € Kt x Q1 such that

(237) @ ((g,, ), (2, @) =F (x,, @) Y(2,.4)€ [} *x 0.

In particular, the discretized equation (1.26) is uniquely solvable.
We can now establish the discretization error estimate.

Theorem 2.9. If (% ,p) € H | x L*(Q) solves (1.22) and (4, ,p) € ¥ %
Qi_1 solves (1.26), then

n

(2.38) llu — u, ll +1lp = Picll @) < Chy (“ Ll AT Z g l.|| H 1/2(1“,-)) :
i=1

Proof. We follow the ideas of Scott (cf. [12] and [13, pp. 178-179]) for estimat-

ing the errors caused by variational crimes. Given any (v , q) € Z: x Qk—1 »
using (2.36), we have

% —u, Il +1lp — Pell2 )
<llu—vlk +1p —qliz@) + 18— 4, llk + g — Pl 2

(2.39) <y —vlk + 1P = gll 2@
|ﬂk (-2 a-p0), @, r))\
+C sup
(w.NELE X0 \{(2, 0)} lwllx + 1171l 2 ()

By (1.29) and (1.26) we have
(2.40)

|2 (@ -1, a -2, @, 1)
lwllx + 171l 2@
<€ (Il - vl +lIp - gl @)
|2 (@, p), (. 1) — & [Jo L wdx+ 2L, Jr, g - wir, ds]|
te Tl + e '
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Combining (2.39) and (2.40), we have
(2.41)
% —u, Il + 1lp — Picll 2@

<C (||E =yl +p - ‘I”Lz(n))
|8 (@, 2, (@, 1) = % [Jo £ wdx+ Ty fr, g, - wir,ds] |
lwlle + Il 2 @)

where the supremum term is taken over all (w ,r) € V ;(L x Q1 \{(Q,0)}.
The supremum term on the right-hand side of (2.41) measures the effect of
the nonconformity of Z;{L and the effect of reduced integration built into the
definition of gl‘: (cf. (1.28)). It is bounded by Chk|g|,~,z(g) (cf. [3, 5]). If we

take (v, q) tobe (I} u, P,_;p), then (2.30), (2.31) and (2.41) imply that
e —u, |l + 1P — Pl 2@

(2.42) <C (”E — i yll + 1P = Pe-1pll ) + hkl%lgl(ﬂ))

+ Csup

b

< Chy (|£|1~12(Q) + |P|HI(Q)) .
Since p = ydiv y , the theorem follows from (2.42) and the elliptic regularity
estimate (1.20). O

Theorem 2.10. There exists a positive constant C such that

n
(2.43) lu — Ek" L(Q) < Ch/% (“ {” Lt Z Il gill Ql/z(r,-)) .

i=1
Proof. We use a duality argument. Since u — u, € gi ={y € L¥Q):
Jov -wdx=0 Vw e RM}, we can write

lfg(u —u,)- wdxl

~ ~k ~

(2.44) lu - L‘,k”LZ(Q) = sup w .
= weL? (@\(0}) w2

Let :llg € éi(g). Then
—div{2pg(Q) +Atr (€()) 8}

w inQ,
(2.45)
@Que@)+Atr(€0) Dzl =0, 1<is<n,

has a unique solution ,Q e H i(Q) because conditions (1.16) and (1.17) are
satisfied for (w , 0).

The boundary value problem (2.45) is equivalent to
(2.46) #(2.0. (2. 0)=5; [ w-vax,
forall (v ,q)e H ‘leZ(Q) , where & = (1/(2u)) div g . The elliptic regularity
estimate (1.20) implies that

(2.47) IS g2 + IEllm@ < C lwl L2@)-
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Let (Ck,ék)e Zi‘ x Qk_; satisfy

48) (¢, &) (1. 0) =5 [w-vdr V(g @€ Lix0.
Theorem 2.9 implies that

(2.49) g =& Mk + 1€ = Eellze < Chell Wil L 2)-

The interpolation error estimates (2.30)-(2.31) and (2.47) imply that

1§ — Ml 2@ + AllE = T Ll + AellE = Pi—i&ll 2

(2.50)
< Ch} ||7£||1~,2(n)~

Using (1.29), (2.46) and (2.48), we have
(2.51)

‘ﬁ/ﬁ(z—y,k)-wdx
=% (€. &), @, 2) - B (€ &) P1))
+2 (€9, @, 0) - % (¢, 0, @, )]
=|% (¢-¢ ¢, -y, p - Pi_1p))
+ & (¢-¢, . &-&), (fy, Pip))
+ B (¢ ~THG &~ Pear®), (=1, P = PK))
+ By ((Hichk s P1€), (u—u, ,p —Pk))
+ & (¢, 0, @, ) - % (¢, 0, @ )]
< C{(Ig=E, I+ 1€ —Eel2en) (14—l +lp = Pe-1P 12 )
+ (g, ~THEE, i+ 18— Peor€llzaqa ) (=, I+ I —pell ) }
+|B (€ -¢, - &), My, Pip)|
+|Be (G, Per®), -1, 0 —p0)|
+|2 (¢, 9, @ ») -B (€. 0, @ »)|.

From (2.30)-(2.31), (1.20), Theorem 2.9 and (2.49)-(2.50), we know that
(2.52)

(1 = &l + 1€ = Eellzxey) (Il = TRl + 12 = Pecrpllnaen )

+ (IE, = TR e + 16k = Peréllzza) (I = e + 1P = Pl )

n
< ChEllwllpq) ("Z”y(n) +y ||§i||;~11/2(r,-)) .
i=1
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It therefore remains to estimate
|2 (€&, . € - &), (TEw, Pip)|
|8 (¢, L Pr®), (w -, p—0))|
and

2 (€. ¢), @.2) -2 (€. 0, . p)|-

In order to obtain a bound for Iﬂk (( £ C ,E=&), It u, P lp))l
first note that by (1.27), the fact that ¢ = ydivg (2 45) and (2 48), we have
(2.53)

B (-, &~ Ty, Peip))
=& (¢, &), (M, Poip)) - ﬁ /ﬂ w - (TT-w) dx

*

AT
|

k
©)
- [e®: 5@t -0 - Mtw)] dx

+ [ 6,0 € Mw) +div (g, () - T dx

[}

s (Itu) +§divk(l'1tu)] dx — - / w- (IMFu)dx
~kE ~ 2u Jo ™ ~

am

+
55

[% tr(g(¢))4 - grad (I ) +diy (E%tr(g(g))g) . (Hfg)] dx,

where € (¢) = z(gradk ¢ +(gradk ¢) )= gradk ¢ (rotk¢) x Standard

nonconformmg estimates (cf 5D and elliptic regulanty (1.20) and (2.47) give
estimates on the last two integrals, i.e.,

[ e, 0s €, M) + divle, () - 1] d
o L~ 3 L'
(2.54) < Ch e 1l
n
<Ch; ”%’“ym) (“ﬂly(g) + Z ”é’inlj”z(l‘i))
i=1

and
(2.595)

/Q [;ﬁtr(gg»g : grad (TT¢y) + diy (ﬁtr(g@)g) Ty %] "x‘

< Ch IS |4l 2

n
<Ch; w2 (“[“y(n) + Z ”gl.“gl/z(r,-)) .
i=1
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We must still show that
/ [0 € () — ¢, (O ¢, (Tw)] dx
(2.56) "
< Ch ||1,£’”y(9) (”[”y(n) + Z ”g’.”guz(ri)> .
i=1

The left-hand side of (2.56) is bounded by
(2.57)

| 1
i/ﬂgreldkgz [—EPk_l(rotk(l'If;g))g} —grad; {: [—E(rotk(l'[,%g))x] dx‘

1 1
+ ‘/ﬂ [——Z-Pk_1(rotk£))~f] : grad, (T ) — [_i(r(’tkg)g} + grady (T ) dx‘
1 1
" V 7 [P oty s rote (| — 7 [(rotad)y - roti (M) dxl :
o Al ~ ~ ~

For the first term of (2.57) we have by (2.30) and (2.31)
{/Q %gfidkéi (rotk(l'l,ﬁg) - Pk_lrotk(l'l,ﬁg)) gdx'
_ 1 _ . Loy _ L
= ‘E/{; (grazldkg Pk_lgridk£> : (rotk(l'lk u) — Pr_roty (IT; g)) édx'
= %/Q (gridkE—Pk_lgridk£> : [rotk ((Htg)—g)+(rotkg—Pk_1rotkg)
+ Py (rotk(g - I'I,J;g)) é] dx‘
< Ch |l e) |4l
n
<Ch; w2 (“Z”y((}) + z; ||§i||g‘/2(r,-)> .
i
Similar arguments yield the same bound for the second and third terms of

(2.57).
Putting these bounds into (2.53), we have

B (-0 .- &), Ty, Pip)
k

n
< Ch w2 (uzny(g) +Ylg guz(m) .

i=1

(2.58)
We can analogously (by interchanging (u , p) with ( £ ,€),and (u i Dk)
with (¢ i &) ) derive the following estimate:
B (L Peid)s (w2, p—0)|
2
(2.59) < Ch IEIQZ(Q) |%|112(Q)

n
< Ch; lwll g2 (”ﬂly(m +y ||§i||111/z(r,-)) .
i=1
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Finally, we have

% (€9 w. ) -2 (€. 9. w.»)|
(2.60) = ‘ /Q%k(,@ e - (e

n
<Ch; ||1,£)||1;2(Q) ("Z“y(m + Z |'§i|lgl/2(ri)) ,
i=1

which is obtained by arguments similar to those in the proof of (2.56). Com-
bining (2.51), (2.52), (2.58), (2.59), and (2.60), we therefore have

zluf(u—u) cwdx

(2.61)
<Chi illwll 2 (||f||L2(n) + Z ||g Wl gore r))

forall w € L ZL(Q). Combining (2.61) and (2.44) completes the proof. 0O

Remark. The L? estimate in Theorem 2.10 is crucial in our proof of conver-
gence of the multigrid method. This is one reason why [{t is preferable over

I;/ e The duality argument in the proof of Theorem 2.10 would not work for
14 , because condition (1.17) is only satisfied by (w , 0) where w € éi .

3. INTERGRID TRANSFER OPERATORS AND MESH-DEPENDENT NORMS

In this section we define the intergrid transfer operators and the mesh-
dependent norms. The estimates involving the intergrid transfer operators will
play an important role in the convergence analysis of the multigrid method.

The coarse-to-fine operator I,’c‘_1 W X Ok—2— VU, X Qi is defined
by

(31) I}f_l(Q,Q)z(BkQ,Q),
where P, : L LY(Q) — ¥, is the L? orthogonal projection operator. Note
that P LU can be explicitly defined by
(3.2)

P, (v)(m)

v(m,) if m, €intT for some T € J;_; or if m, € 0Q,
= s (Tl [uln (me)] + | Tal [yl (me)])  if e = Ti N T; for some
Ti, T € py

In order to define the fine-to-coarse operator ,’:‘1 , we introduce the following
mesh-dependent inner product:

(3.3) ((U ), (v, 42)) =(v,, V) e +hi(a, @)
Then If™': ¥ x Qeey — ¥, _, % Qk—y is defined by

= (> a0, IE (2, 42))k

~ k—1

(3.4) (If-lw s (2, 0)

k—1
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forall (v, ,q1)€ ¥V, xQ and (v,,@)eV,  xXCk,.
Lemma 3.1. The following properties of I,f_ , and I,’c“l hold :
(i) RM C Kk for k=1,2,....
(ii) Given any (v ,q) € Zk X Qk_1, then (v ,q) € K: x Qk_ if and
only if ((g ,4q), (w, O))k =0 forall w € RM.

(i) I§ 2 Vi % Q2 — Vi x Q-

(V) L Ve x Qe — Vi % Qea
Proof. Property (i) is trivial. Property (ii) follows from (3.3), (iii) follows from
(3.1), (i) and (ii), and (iv) follows from (3.1), (3.4), (i) and (ii). O

Remark. The fact that the constraints on } -~ can be enforced by the mesh-
dependent inner product as described in Lemma 3.1 (ii) is another reason why
|4 ]f is preferable to V K- As a consequence, these constraints are preserved

by the intergrid transfer operators I¥_, and If~! (Lemmas 3.1 (iii) and (iv)).
We will take advantage of this in the construction of the multigrid algorithm in
84.

Let By : L/k X Qk—1 — Kk x Qk_; be defined by

(Bk(El s q1)> (22, 42))k
=B (@, a), @, 9) Y@, 4), (@, 0) €L, x Q.

Lemma 3.2. The operator B, maps ¥ , x Q_, into Zt X Q1 -
Proof. Let (v, q) € Zk X Qk_1. Then

(Bu(z.a), (w.0) =& ((2,0),(w,0)=0 YweRM.

Therefore, By(v,q) € ¥ ,f x Qx_; by Lemma 3.1 (ii). O

(3.5)

Let B} : K,fok_l — ¥ Q1 be the restriction of By to K,fok—l )
Lemma 3.3. There exists a positive constant C such that the spectral radius of
B,ﬂ- is less than or equal to Ch,:2 for k=1,2,....

Proof. This is an immediate consequence of (3.3), (3.5), (1.29) and the follow-
ing inverse estimate (cf. [4, Theorem 3.2.6]):
(3.6) lwle < Ch 1wl g Yw eV, O

The mesh-dependent norms on Kfc' x Q_1 are defined as follows:

G7)Mw, Dlls, k= \/((Bklz)sﬂ(g,q), (g,q))k V(v.4q) € ¥y x Q-

Since B;- is nonsingular (cf. Proposition 2.7) and symmetric, (B;-)? is positive
definite and (3.7) defines a norm on IN/IJC' x Q_; foreach seR.
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The following properties of the mesh-dependent norms are trivial:

(3.8) u|<g,q)mo,k=\ﬂv||Lz(m+h,%||q||zzm) (g, 9)€ L x 0,

lgk ((Ql 1), (22’ ‘h))l

(3.9)
< |||(El s ql)l“Z,k |||(,'Q,2, qZ)“lO,k V(El s ql)’ (22’ q2) € K]J(_ X Qk—l s
and
EACIIRCIND)
(3.10) Iy, @llz,x = sup

(1.4)€ ¥ X0 \(2.0)} (G’ D] W
forall (v,q)€ K: X Qr_1 .-

Lemma 3.4. There exists a positive constant C such that
@ MG (g Dok <CWNY s Dllox—r forall (v,a)€ Vi, %Ok
(i) g = B, vllp2e) < Chllylle-1 forall y € V
(iil) ME_ (TG @, Pee2w) — Tz ¢, Pi_)lloje < Ch {|f|g ) + Wlme)}
forall (¢,y)e H2(Q) xHY(Q).

Proof. Since P isthe L? orthogonal projection onto ¥ L the estimate (i) fol-
lows from (3.1) and (3.8). The proof of inequality (ii) is based on the averaging
formula (3.2), and a straightforward computation. For more details we refer

the reader to the proof of Theorem 2.3 in [2]. Estimate (iii) is a consequence
of (3.8) and the interpolation error estimates (2.30) and (2.31). O

Let Pi™': Vo x Quoy — Vi x Qk— be defined by

310 B (P ‘(vl,ql) (vz,qﬁ)=%’k((gl,ql>,1,’:_l<gz,qz>)

forall (v ,q1) € ¥V x Qs and (v,, ) € ¥, x Qx_z. The operator

P,f ~1 will appear in the convergence analysis but not in the multigrid algorithm.
It follows from Lemma 3.4 (i) and (3.9)—(3.11) that

312)  IPTNE Dt SCHE s Dll2k V(L. a) € Vi x Qe

The next lemma is the basis of Lemmas 3.6 and 3.7, which are crucial for
the proof of the approximation property (Lemma S.3) in the Supplement.

Lemma 3.5. Let k >2 and w € L*(Q). Assume that (§, %) € Kthk_l
satisfies
(13) B (5,50 (2.0)= [0 vdx V(z. @€V ix0m,
and (gk_l,ék_l) € Z,f_l x Qx_, satisfies
(3.14)

B (8, &) (2o0) = [(wovdx Yy eV} x0a
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Then there exists a positive constant C such that

(3.15) (g, s ¢k-1) = P;f_l(gk 2 &l k-1 < ChY |l w I 2@
Proof. Let (§ > &-1) - P,f“(gk,ﬁk) =(n,7) € Vi, % Qka. Recall
that by (3.8), (7, OlI5 s = ||Q||2y(n) +h}_lITl}q)- We will estimate

I 71l 2 and Ag_ill7ll2 @) by two duality arguments.
Since n € L i(Q) , the boundary value problem
~diy {2ﬂg(¢) +Atr (g(qﬁ)) g} =2un inQ,
(3.16)
(2ue@ +ar (@) 8) g,r, =0, 1<is<n,

has a unique solution ¢ € H i(Q) because (1.16) and (1.17) are satisfied. The
elliptic regularity estimate (1.20) implies that

(3.17) Ioll g2 <ClinllL2q):

Let (¢ W1 € Vi, % Qx> satisfy
(3.18)

Ble-1 ((fék_l, Yi-1), (U, 4)) =/QQ -vdx V(y,q)€ K,f_l X Q2.
By Theorem 2.10, we have
(3.19) ¢ — fk_ln L@ < Chi 71l £ 2q)-

But by (3.18), (3.11), the definition of (7, 1), (3.13), (3.14), (3.19), (3.17),
and (2.30), we have

Iy = Bt (9,

= ﬂk—l ((gk—l P '/Ik—l), (gk—l ’ ék—l))

). (1. 7)

_‘@k (I],:—l(fk_l 5 y/k—l), (Ek’ ék))
(

S~

w-(¢ —-P ¢ Jdx

k-1 ~k—1

< lwlpo (Ie, -l + I - el 2
1
+12, (g -6, llp)
< llwlga (CH Il z) -
Therefore,
(3.20) 171l L2 < CHENW I L2
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Let (v*,¢%) € Vi, x Qx_y satisfy

(321) Bt (27209 (1. 0) =, [ radx V(y. @€ L}, x0ca
By Proposition 2.7 we have
(3.22) 9" le-1 + 19" @) < AioillTlxe)-

From Lemma 3.4 (ii), (3.21) and (3.22), we have
131ty = Bt ("5 4%, (1, )
=B (W, 0, (€, _» &) B (@' ), &, &)
=/w-(g*—£ v*)dx
Q
< “%)Hy(n)“E* - ~k~ ||L2(Q)
< Ch} lwll 2@ 7l 2g)-
Hence,
(3.23) healltlg < Chillw ll Lag)-
The lemma now follows from (3.20) and (3.23). O

Lemma 3.6. There exists a positive constant C such that for k > 2
(3.24) ly = B, ullLaa < ChEI(Y , ll2, k-1
Jorall (y,q)€ K}CL_I X Ok-2-
Proof. Givenany (v ,4q) € ¥ x Qr—2, let (§,-%) € L/}CL x Qr_, satisfy
B (¢, 8, @' 4))
= /(g—{’ﬂ)&’dx V', d") €V x Q-
Q
and ({ . &-1) € K}, X Qua satisfy
Ber (€, &), @, )
=/(g—£ky,)-g’dx V', q) eV x Ok
o _
Therefore, using (3.1), (3.11), and Lemma 3.5, we have
lv - ~k~”L2(Q) /(v—P v)-vdx — /(v—P v)-P, vdx
=B (€, &), @ 0) - B (€, 85 K@, @)
N (RN (S ANCN)
SMCE, > Ee-1) = Pk_l(C s S Mo, k-1 (2> Dll2, k-1

<Ch Iy - B ulpay I, Dllz,k-1-

(3.25)

(3.26)
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Hence,
le = B vllp2e) < CRIY . Dll2, k1. O

Lemma 3.7. Let k >2 and w € L*(Q), (y, ., d) € Vi % Qi satisfy

627 B (2,90, (2. 0) = [wadx V(g 0eLExQ,

and (v, dk-1) € Vi x Q—y satisfy

(328) B (2, a0 (2. 0)) = [wadx V(g @€ Ui, x Qi
Q
Then there exists a positive constant C such that

(3.29) (2, a0 = T (Y, _ s de—)lo.k < Chy |wllip2-
Proof. Recall that

I, > a) = TE_1 (g, _ > a3

= ”qu - Ekgk—l “iz(ﬂ) + hl%”qk — qk-1 ”22(9)-

We first estimate || v v, - Py e || LQ) by a duality argument.
Since v P ) Y, € i(Q) the boundary value problem

—~div {zug(g) +Atr (g 0) )g} =2u(y, - Py, ) inQ,

(e +ar () 2) i =0,  1<i<hn,

has a unique solution { € H i(Q) because (1.16) and (1.17) are satisfied.
Let (§ .&) € Zt x Qi_; satisfy

By ((Ek’ék)’(g’q))=L(2k_£k2k_1)’gdx V(E,Q)e K;‘ka_l,
and (gk_l,fk—l) € Kt_l x Q_, satisfy

Be1 (¢, &), @, )
/(v By, )-udx Vg, @) el) x Q.

By Theorem 2.9 and the elliptic regularity estimate (1.20) we have

1€k = Sk—1ll L2y <

&k — ﬂdlv ¢

A ..
+ |[Ek—; — =—div
et 2u £L2(9)

(3.30) LY(Q)

< Chk “U Nk Rk — 1”L2(Q
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Let (Q ,T)= (gk, &) —P,f"(gk, &) . Using (3.1), (3.11), (3.27), and (3.28),
we have

N2y = £,2 - 1“L2(Q)
=% (¢, 805 (@ @) — i1 (2, 4e-1))
(3310 =& (%0, @, 9) - B (PEE, 8 (2, ake)

=/wtdx
Q

< w2l @)
Since (7,7)=({ &)= (5, &0+ ((§,_ &D-F(g, &), it
follows from (3.8), (3.30), and Lemma 3.5 that
1 _
1Tl L2y < Ik — Sk—1llz2@) + h—|||(£k_1 , &1) — Pf l(gk s Sillo, k-1
< Chk “'U ~k~k 1”L2(Q)’
The estimates (3.31) and (3.32) together imply that
(3.33) lv, = B2, @ < Chelwll ).

(3.32)

On the other hand, Proposition 2.7 implies that

(3.34) 12, k=1 + l9k-1ll2@) < Cllwlirz g
and
(3.35) 12 e+ Ngkll2@) < Cllwllzz g

Therefore, we have
(3.36) hic 19k — -1l @) < Chi llwllL2@)-
The estimate (3.29) now follows from (3.33) and (3.36). O

4. THE MULTIGRID ALGORITHM

We first describe the kth-level iteration scheme. The full multigrid algorithm
consists of a nested iteration of these schemes.

The kth-level iteration. The kth-level iteration with initial guess (y o’ zp) €
vV ;(L x Qr_1 yields MG(k, (y o’ , 20), (w , r)) as an approximate solution to

the following equation in Z’;{L X Qr_1:

(4.1) By, 2)=(w.n).

For k=1, MG(1, ( y0 , 2o), (w , r)) is the solution obtained from a direct
method. In other words,

MG(L, (3, 20), (w, 1) = (BH) ™ (w . 1),
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For k > 1, there are two steps:
Smoothing step. Let (y i zN eV X Qi1 be defined recursively by the

~

equations

¥, z2)=Q, _z-1)
(4.2) 1
B N =By, z), 1<i<m,

where m is a positive integer independent of the mesh parameter k and the
Lamé constants (u, A), and Ay = Ch; 4 (cf. Lemma 3.3) dominates the
spectral radius of (B;")?.

Correction step. Let (T ,7):=I' ((w, ") —Bu(y ,zm)). Let (v, a)
€ ¥V, Q2 (0<i<2)be defined recursively by "

(v, )= (0, 0) and
(Eiaqi)=MG(k—ls(U-_lsqi—l)s(-’lE,-f))a l=1a2

~1

(4.3)

Then MG(k, (yo, 20), (W, g)) is defined to be (y

, Z I* (v_,q).
Zm m)+ k—l(~2 ‘IZ)

Remark. In the smoothing step we use B, instead of B,ﬂ- for the following
reason. The space V e X Qk—1 has a natural coordinate system, namely the
values of v at the midpoints of 7 and the values of ¢ on the triangles of
Fk—_1 , with respect to which (-, -), is represented by a diagonal matrix, and By
is represented by a sparse banded matrix. In view of Lemma 3.2, the result of the
smoothing step (Z "’ zm) belongs to [{: x Qr_1 automatically. Furthermore,

the result of the correction step also belongs to 'I{lf x Q_1 by Lemma 3.1 (iii)
and (iv). Therefore, in the actual implementation of the multigrid method we
use only the natural coordinate system of V RS Qi_1 for k> 1. We only have

to handle the constraints of the Z: spaces at the coarsest level, namely when
k=1.

The full multigrid algorithm. In the case k = 1, the approximate solution
(u T p}) of (1.26) is obtained by a direct method. The approximate solutions

(u i p;) (k>2) of (1.26) are obtained recursively from

(uf» P8) = Ti_y(uy_ Picoy).
(gfsplk):MG(ka(%;{_l’pf—l)’(zk’()))a 1<i<r,

(. pp) = (U, pf),

where f . € [{i‘ satisfies

~

1 n
Lo Vpe=g [/ frndeed [ gy %'ndS]

forall v € Z;CL ,and r is a positive integer independent of £ and (u, 4).
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Since I, ,’f_l , I,’:‘l , and B are represented by sparse, banded matrices with
@ (n;) nonzero entries, the total work of the full multigrid algorithm is therefore
@ (ny) . The proof is the same as the one in [1].

5. CONVERGENCE ANALYSIS

We follow the methodology of [1]. The details are given in the supplement to
this paper. The first step is to discuss the convergence of the two-grid algorithm
where the residual equation is solved exactly on the coarser grid. The final
output of the two-grid algorithm for (4.1) is therefore (y bozh) = ( y Zm) +

IF_ (vt g*), where
(v, ¢ = (Bi_y) "' (@, 7)
—_(pL y-l7k-1 _
= BE )T (. ) = Be(y,, . zm)
= BE) By —y L 2= zm).
The following is the result for the two-grid algorithm.

Theorem (convergence of the two-grid algorithm). There exists a positive con-
stant C such that for k > 1

Iy =yt z—zhlox < Cm™'2)(y - Y0 %= 20,k

where (y , z) solves (4.1), (yo, z0) is the initial guess, and (y*!, z') is the

output of the two-grid algorithm. Therefore, for m sufficiently large, the two-
grid algorithm is a contraction with contraction number bounded away from one,
independent of k .

The convergence theorem for the kth-level iteration follows.

Theorem (convergence of the kth-level iteration). There exists a positive con-
stant C such that when the kth-level iteration is applied to (4.1), we have

Iy, 2) = MGk, (3, 20), (@, Mllok < Cm™ P Y(y =y 2= 20)lo,k

provided that m is chosen to be large enough. Therefore, for m sufficiently large,
the kth-level iteration is a contraction with contraction number bounded away
from one, independent of k .

A perturbation argument then gives full multigrid convergence.

Theorem (full multigrid convergence). If m is chosen large enough so that the
kth-level iteration is a contraction with respect to | - o,k and the parameter r
in the full multigrid algorithm is also chosen large enough, then

I8, = 2200y + e (g = gl + o = Pl
n
S Ch]% {“.Z:HLZ(Q) + Z I|§i||1.~11/2(ri)} .
i=1

Here, ( ur, p;) Is the approximate solution of (1.26) obtained from the full
multigrid algorithm.
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6. A NUMERICAL EXPERIMENT

The full multigrid algorithm described in §4 was applied to the pure traction
boundary value problem (1.15) with x4 = 1/2. The domain Q is the unit
square, the vertices are Sy = (0, 0), S> =(1,0), S3=(1, 1) and S4=(0, 1),
and 9 consists of ASS,Ss and AS,S3Ss. The body force Z: =(f1, L)' is

given by
. . 1 .
fi = —m?sinnx; sin wx; + 272 (I + 1) cosmx; sinzmx;,
1 .
fo = —n? cos x; cosmxy + 2m? (Z +1 ) sinzmx; cosmx;,

and the tractions are given by

n t ) V4 t
= (——cosnxl , O) , g = (7: sin7x,, ——cosnxz) ,
R1 A R2 A
/(4 t . T t
53 = (—7 COS TX] , O) , and g = (n sin x;, -7 cosnxz) .

The exact solution (w1, w)' € H? 2

¥=
1 . 4
—sin X, + COS X | SINTX) + 2’

Uy = (— cos TX; + % sin nx1> COS TX3.

In the following table, » = 1/2(} + 1) is the Poisson ratio, 4 represents the
lengths of the horizontal and vertlcal sides of the triangles in the triangulation,
r is the number of nested iterations in the full multigrid algorithm, and the
numbers in the third, fifth, and seventh (respectively fourth, sixth, and eighth)
columns represent the number m of smoothing steps required to achieve an
L? relative error of less that 5% (respectively 3% ) in the displacement. It is
observed that this algorithm fails to converge for this problem for m < 4.

=20 =30 =40
v b9l (3%) (%) m(3%) (5% |m(3%)
(0.5)° 13 19 9 13 7 10
0.47619 (0.5)7 7 9 5 6 5 5
(0.5)% 5 5 5 5 5 5
(0.5)° 20 27 15 19 12 15
0.49751 0.5)7 11 14 8 10 6 8
(0.5)® 6 8 5 5 5 5
(0.5)8 21 28 15 20 12 16
0.49975 0.5)7 12 15 8 11 7 9
(0.5)® 6 8 5 6 5 5
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